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A Spatial Reasoning Mathematics Program (SRMP) was implemented over 20 weeks 

with 28 mathematically-able 4th-graders as the second phase of a classroom design 

study. The SRMP embedded transformation skills in 28 interrelated mathematical tasks 

comprising 2-D/3-D relationships, geometric growing patterns and sequences, 

directionality, area and perimeter, and perspective-taking. Improved spatial reasoning 

was found across the Pattern and Structure Assessment-Early Mathematics (PASA-2), 

and the Pattern and Structure Assessment–Spatial (PASA-Sp) measures at post-SRMP. 

We observed ‘Spatial-Mathematical Connectivity’ (SMC) as bi-directional: spatial 

reasoning and conceptual understanding proved complementary.  

The relationship between spatial reasoning skills and mathematics achievement has been 

well established across a range of studies from early childhood to secondary school (Hawes et 

al., 2022). Spatial skills have been found predictive of mathematics achievement, are malleable 

and can be developed from early childhood (Gilligan et al., 2020; Lowrie et al., 2017; Mix et 

al., 2021; Uttal et al., 2013). Studies on the association between early patterning and spatial 

reasoning skills, and between patterning and mathematics achievement, have also aimed to 

establish causal relationships and to inform pedagogical approaches (Mulligan et al., 2020a; 

Rittle-Johnson et al., 2019). However, studies in the elementary school years do not yet have 

sufficient scope and depth, or application at scale, to permit generalisation about the effects of 

different spatial-training programs on mathematics learning more broadly, or how and why 

transfer may occur (Harris et al., 2019; Lowrie et al., 2020; Young et al., 2018).  

Theoretical Approach and Literature 

The development of mathematical concepts has been shown to develop hand-in-hand with 

an Awareness of Mathematical Pattern and Structure (AMPS) which can emerge from or 

underlie mathematical concepts and relationships (Mulligan & Mitchelmore, 2009). In a 

sequence of interrelated intervention and design studies focused on ‘pattern and structure’ we 

described mathematical conceptual development as a complex, dynamic system of 

interconnected components. This system is fundamentally dependent on underlying patterns, 

spatial structures and interrelationships rather than on isolated numerical and computational 

skills (Mulligan et al., 2020a). For example, conceptual connections can be observed in the 

interrelationship between a pattern of squared numbers, its spatial representation and 

multiplicative structure.  Adopting this theoretical view, we proposed that spatial structuring 

was integral to the development of AMPS and indeed, the development of number concepts 

may be primarily spatial in origin. Thus, our more recent investigations have developed 

pedagogical approaches to support the role of spatial structuring in conceptual connectivity.  

For this purpose, we coined the term ‘Spatial-Mathematical Connectivity (SMC)’. 

A range of studies, including controlled intervention and classroom design studies have 

found that spatial reasoning skills can be trained under widely varying learning conditions and 

contexts (Davis et al., 2015; Harris et al., 2019; Hawes et al., 2017; Lowrie et al., 2021; 
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Mulligan et al., 2020b). Indeed, a recent meta-analysis of 28 controlled studies found that spatial 

training improved mathematical understanding and performance across populations and ages 

and increased with age from 3 to 20 years.  Transfer was observed under several conditions 

including duration and type of intervention, when assessment tasks were tailored to the training, 

and when particular resources and representational strategies were used. However, a more 

coherent understanding of how spatial training effects mathematics learning and achievement 

needs to be established and more theoretically-guided studies are recommended (Hawes et al., 

2022, p. 1). Furthermore, systematic analyses support the prioritising of spatial skills in 

curricula, and call for sustainable, spatial reasoning programs in practice (Woolcott et al. 2020).  

Studies of spatial reasoning in the elementary school years have often focused on specific 

spatial skills, connected to, but not necessarily applied to a range of mathematical concepts 

(Gillian et al., 2020; Lowrie & Logan, 2018).  Intervention and correlational studies on spatial 

reasoning have been limited by assessment of mathematics performance using standardised 

tests or these have focused on isolated concepts. However, study of mathematical-spatial 

relationships is multi-faceted where differences in findings may be attributed to particular 

spatial concepts and different task types (Mix, 2019). For example, a study of 455 students from 

grades 4 through 9 found distinctions between item types with different spatial skills (Harris et 

al., 2019).  

Background to the Design Study 

The Connecting Mathematics Learning through Spatial Reasoning Project comprised a 2-

year intervention study employing 61 students in Grades 3 through 4 (Mulligan et al., 2020b), 

A Spatial Reasoning Mathematics Program (SRMP) was developed and implemented to 

investigate student’s spatial reasoning skills, spatial/mathematical interrelationships and the 

influence of the SRMP on mathematical performance (see Table 2).The intervention study 

found significant gains by the experimental group on spatially-oriented interview-based 

assessments post-SRMP. However, the study was limited in establishing how and why students 

improved in spatial reasoning, and why there was minimal gain on standardised measures of 

mathematics achievement. Subsequently, we focused our attention on in-depth study of 

student’s grasp of interrelationships between particular spatial skills and mathematical concepts 

across a range of tasks through a classroom-based design study.  

Our study aims to advance our understanding of the influence of particular spatial-

mathematical interrelationships on problem solving in order to inform effective pedagogical 

approaches. In this paper we address one key research question: How did a Spatial Reasoning 

Mathematics Program (SRMP) support students’ Spatial Mathematical Connectivity (SMC)? 

Design and Method 

Employing design-study principles (Bakker, 2018), a two-phase classroom design study of 

the SRMP was developed and implemented in Grade 4 at an independent school 

in Sydney, New South Wales (NSW), Australia.  An entire cohort of 46 Grade 4 students 

participated in Phase 1 of the study, and a sub-group of 28 mathematically-able students (12 

female and 16 male) were retained in Phase 2. Participants were aged between 8y10mo and 

9y10m at Grade 4 entry. The study of these students afforded the analysis of SMC with 

mathematically-able students who had developed spatial and mathematical interrelationships. 

Three assessments were utilised: standardised Progressive Achievement Tests 

of Mathematics, PATMaths4 (Stephanou & Lindsey, 2013); interview-based: Pattern and 

Structure Assessment [PASA-2] (Mulligan et al., 2020b); Pattern and Structure Assessment-

Spatial [PASA-Sp] (rotation, reflection, equipartitioning, directionality, perspective-taking). 

Table 1 describes the PASA-Sp interview that assessed key spatial concepts: students explained 

and represented their solutions and described how they used ‘mathematical ideas’.   



Promoting spatial-mathematical connectivity   

 

319 

 

Table 1 

Pattern and Structure Assessment– Spatial (PASA-Sp) Items 

Item Stimulus and response example  Item description 

Rotation & 

reflection 

directionality; 

translation 

An arrow-like shape placed on 

grid paper at middle RHS. 

 

Imagine the shape turned 90⁰ left. Where would 

you place it. Why? Draw the shape. 

Imagine you repeated the turn; draw it. Explain 

the relationship between the original shape and 

the final one. 

Equipartitioning 

& congruence; 

equilateral, 

hexagonal 

structure  

A drawing of a regular hexagon 

and one equilateral triangle with 

the same side length. 

 

Imagine the small triangle placed inside the 

hexagon. How many will fit exactly into the 

hexagon without overlapping? 

Draw these in the hexagon. Explain how you 

visualised and drew the parts. Did you use other 

mathematical ideas? If so, how? 

Directionality 

& rotation; 

navigation and 

mapping 

Blank A4 or A3 paper (or graph 

paper or digital device (iPad). 

 

Stand in position. Visualise walking two steps 

forward, turn right; walk one step forward. Take 

that walk. Draw a diagram. 

Imagine you repeated this walk in a different 

direction. Draw a diagram to show your steps.  

Perspective- 
Taking & 

orientation; 3-

D/2-

Drepresentation 

A model ‘building’ of four cubes.  

 

Draw what you see [front on].  

Draw what you think I can see when I  look from 

above. What direction are  the blocks facing? If I 

turned the blocks what would you see? Is it the 

same or different? 

Spatial Reasoning Mathematical Program (SRMP) Design and Implementation 

The SRMP integrated patterns and spatial structures with a range of mathematical concepts 

categorised as six components (see Table 2). Transformation processes (rotation, reflection, 

spatial orientation and spatial visualisation) were embedded and interrelated in the components 

informed by recent intervention studies (Hawes et al. 2017; Lowrie et al. 2017; Lowrie et al., 

2021) and pedagogies focused on spatialisation of mathematics learning (e.g., Davis et al., 

2015; Lehrer & Schauble, 2024). The development of the SRMP also reflected patterning and 

spatial tasks embedded in our earlier interventions (Mulligan et al., 2020a; Mulligan et al., 

2020b). Moreover, SRMP tasks were designed to elicit SMC within and between components. 

A ‘Modelling-Representing-Visualising-Generalising-Sustaining’ pedagogical model was 

employed based on the Pattern and Structure Mathematics Awareness Program (PASMAP) 

(Mulligan et al., 2020a). This model shares similarities with the Experience-Language-

Pictorial-Symbolic-Application (ELPSA) framework (Lowrie et al. 2021). Both approaches 

emphasise visualisation and representational (pictorial) processes and symbolic application of 

concepts. In the SRMP, students were guided to focus on patterns and relationships between 

models and representations, use visualisation and visual memory, and to make simple 

generalisations. The use of modelling with manipulatives, including the use of robotic toys was 

central to the pedagogical approach. Establishing interrelationships between geometric models 

and number patterns was featured in several components.  
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Table 2  

Components of the Spatial Reasoning Mathematics Program (SRMP)  

Component Sub-component Sample tasks 

2-D and 3-D 

relations 

Nets of boxes, 

pyramids/ solids 

Create nets for 3-D shapes using grid paper. Use polydron to 

check nets. Identify patterns in the formation of nets. Visualise 

the net of a cube given three different views. 

Growing patterns Square patterns Count and describe square number pattern of a single face of 

an expanding cube pattern.  

 Cubic patterns Construct and describe number pattern of an expanding cube. 

Predict and identify patterns using different coloured blocks.  

 Graphing 

functions 

Graph functions to represent repeated linear and growing 

patterns.   

Fibonacci 

sequences 

Fibonacci areas 

and spirals 

Use a Fibonacci sequence to construct adjacent squares on a 

grid, form a spiral, and mirror image.  

Directionality Bee-Bot paths Develop and record a coding system to describe movements 

Shape and 

perimeter 

Rectangles with a 

fixed perimeter 

Use the Bee-Bot to determine all possible rectangles with a 

perimeter of 8, 10 and 12 steps. 

 Polygons with 

fixed perimeter 

Create as many polygons as possible with a perimeter of 12 

units using right-angles. Check using geoboards.  

Perspective- 

taking 

Visualising 

different views 

Complete the missing views if front and left views are given. 

 Drawing top views Draw the top view of complex models. 

 Drawing different 

views 

Draw a 2-D representation of an L-shaped block from four 

different perspectives. 

Procedures and Analyses 

The ‘teacher as researcher’ (author 2) collaborated with the classroom teacher to review, 

implement, evaluate and refine the SRMP components and tasks, and contributed to the 

collection of assessment data, classroom observations and interpretation of student responses. 

Twenty lessons were implemented over two sequential 10-week school terms in a cyclical 

process of planning, teaching, review and refinement. Lesson duration was between 50 and 65 

minutes. The SRMP lessons replaced about 25% of the regular Grade 4 mathematics program, 

by substituting and extending Mathematics syllabus content on Patterns and Algebra, Geometry 

and Measurement. The research team provided guidance on lesson scope and progression, 

although the teaching dyad enjoyed considerable autonomy in determining how the SRMP 

lessons were scaffolded and aligned with individuals’ learning. Each concept was explored in 

depth over multiple lessons, with opportunities provided for students to discuss, reflect, self-

correct and provide feedback to peers and teachers. In concert, the teachers ensured that the 

lessons met syllabus requirements and school programming and reporting. 

The assessment data: PATMaths4 (28 tests), PASA-2 (28 x 16 items) and PASA-Sp (28 x 

4 items) were scored and coded by three members of the research team and interrater reliability 

(0.91) obtained. PASA-2 and PASA-Sp responses were coded as one of five increasing levels 

of spatial structuring (see Mulligan et al., 2020a).  SRMP classroom data for each lesson were 

compiled systematically, including student representations, videos of task engagement, 

observation notes, teacher and student reflections and self-assessments. Transcripts were 

consulted to validate the coding and to interpret spatial reasoning. Student representations and 

digital recordings of problem-solving processes were examined for indicators of SMC. 
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Results and Discussion 

We present a summary of findings from the assessment data and illustrations of how 

students used spatial reasoning and SMC to solve the SRMP tasks.  

Students’ PATMaths4 mean scale score of 138.2 pre-SRMP approximated the 90th 

percentile. While there was an increase in performance for students in the 80-90th percentile, 

PATMaths4 scores remained relatively consistent pre-post-SRMP (post-mean scaled score of 

145.6) which may be attributed to the high performance at pre-SRMP. PATMaths4 did not 

challenge the students sufficiently, or include suitable items, to show gains in performance.  

PASA-2 data showed a moderate increase in total scores at pre-post-SRMP (mean scores 

56 (pre) to 71 (post) from a total score of 80). However, there was marked growth in spatial 

reasoning post-PASA-2: responses coded at an advanced level, requiring a range of complex 

spatial skills and were found for more than 12 of 16 items. For example, tasks involved 

interpreting and visualising arrays and grids and extending rotational growing patterns.  

The PASA-Sp assessment focused on four groups of spatial concepts (see Table 1). 

Responses were assigned a score of 4 out of 5 (level 4 spatial structuring) and 5 out of 5 (level 

5 advanced spatial structuring) based on prior analyses (Mulligan et al., 2020a). Mean scores 

increased from 16 to 19 out of a possible 20, showing a gain post -SRMP, but more importantly 

growth from well-developed spatial concepts to more advanced spatial structuring and 

reasoning.  Analyses of spatial skills and SMC from the PASA-Sp data are not reported here. 

Illustrations of Spatial Mathematical Connectivity (SMC) 

The comparative analysis of data sources (video, student explanations and representations, 

and teacher observations), showed that students solved the SRMP tasks by utilising spatial and 

conceptual resources, but student’s solutions and explanations did not necessarily reveal SMC. 

However, we can infer that SMC may have been internalised through spatial-visualisation 

processes and was not made overt in the solution process.  Analysis of responses by task, and 

of individual profiles of response, showed that while there were some common patterns for 

particular tasks and for students of varying ability, individuals made connections between 

concepts by using spatial resources in different ways: the type, depth and strength of SMC 

varied and may have been bi-directional, i.e., spatial-reasoning skills guided mathematical 

conceptual understanding, or vice versa.  A key finding was that visualisation skills were 

inextricably linked to SMC and problem solutions.  Mental rotation skills were found common 

to solutions across tasks and were often combined with pattern recognition but applied in 

different ways (e.g., nets of solids, growing patterns and perspective-taking).  

We provide examples of three students’ responses to Growing Cubic Patterns, Fibonacci 

Sequences and Directionality tasks respectively. Figure 1 shows the student first constructed a 

cuboid of 2 x 2 x 2 and extended it using a pattern of three different-coloured blocks. One aim 

of the task was to observe how the student visualised and interpreted the edges and faces of the 

cuboid. Another aspect was observing the cuboid in different orientations and from different 

perspectives. Observing the number and pattern of one face of the cuboid was the initial step in 

SMC. The student completed a table of data showing the numerical relationships between the 

different-coloured blocks from the front face (Figure 1). Some students were able to visualise, 

generalise and draw the pattern for each face of the cube. The following excerpt exemplifies 

the teacher’s (T) and student’s (S) mathematical and spatial reasoning.  

T: Why doesn’t the number of green cubes (on the corners) change? 

S: Because the green squares always touch a corner; there’s always four corners, front-back, top-

bottom…you can’t count the corners twice when you work out the number of cubes. 

T: How many yellow squares do you see on one edge of each of the 2x2x2 to 6x6x6 cuboids? Does it make 

a pattern? How? Describe it.  
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S: It’s growing like double but then its 3, then 4 so it’s adding one each time, but you have to times it by 4 

sides to get all of the yellow ones on the front face each time…I think this is same on the other faces. 

Figure 1 

Number Pattern Created by Identifying Colours of the Growing Cuboid Front Face 

 

 

 

 

 

 

 

 

 

 

 

The Fibonacci task initially depended on students’ prior observations of visual examples 

and identification of the recursive number pattern and; the ability to extend the pattern to 

visualising a 2-D area model linked to the number pattern (squared). 

Figures 2a and 2b 

Mirror Image Representations of a Fibonacci Area Model and Spiral 

  

The tasks were scaffolded through the alignment of coloured squares, visualisation and 

drawing of the spiral freehand on grid paper and then creating a mirror image; all requiring 

spatial reasoning, and in this case, symmetry (Figure 2a). Some students used SMC to represent 

perimeter/area relations (Figure 2b). In all responses, students demonstrated and explained 

SMC of the sequence and the area model but needed support to visualise and connect the spiral. 

The tasks on Directionality involved the use of Bee-Bots as iterable units that afforded 

students the opportunity to predict, visualise and form area/perimeter relationships (determine 

all possible rectangles with a perimeter of 8, 10 and 12 steps). This task focused on SMC 

particularly in the connection between dynamic movement and rotation, and visualising the 

shape and area created by the perimeter. In another task students’ informal descriptions of Bee-

Bot directions were developed, symbolised and represented as a coding system (Figures 3a, 3b). 

Students’ then explored mirror patterns, maze designs and navigational strategies, and 

estimated and measured distance and area in units, numerically, using Bee-Bot steps. SMC was 

essential in the solution process. Some students solved the tasks without grid paper and relied 

on their visualisation skills and the tangible modelling with the Bee-Bot. 



Promoting spatial-mathematical connectivity   

 

323 

Figures 3a and 3b 

Representations of Bee-Bot Pathways, and with Coding System 

 

 

 

 

 

 

 

Implications and Conclusions  

Our findings support current research that indicates spatial intervention programs can 

support spatial-reasoning skills and mathematical understanding (e.g., Hawes et al., 2017; 

Lowrie et al., 2021). We found that SMC may be bi-directional, meaning that strong spatial- 

reasoning skills support mathematical conceptual understanding and vice versa, and advantages 

problem-solving solution processes.  Secondary analysis of data for measurable differences in 

SMC, and patterns in responses for the cohort and individuals, and by task type, is necessary to 

provide a reliable measure of, and developmental indicators of SMC. The SRMP pedagogical 

approach supported the transition from modelling to visualisation essential for mental rotation; 

establishing an optimal pedagogical approach is challenging in classroom design studies but 

can provide new insights into the mechanisms of SMC.  

Despite the valuable insights gained into the complexities of SMC we were not able to draw 

any conclusions about task type or the sequencing of SRMP components that would promote 

growth and transfer. Employing a broader range of spatial-mathematical concepts may yield 

more conclusive findings. Nevertheless, we gained more evidence into how to promote SMC 

with elementary students with the view that SMC must also influence transfer and the 

robustness of that transfer (Harris et al., 2019; Lowrie et al., 2023; Resnick & Adams, 2024).  

Other issues remain about how research findings are articulated, accepted, and applied in 

practice, and the role of teacher mathematical content knowledge. The implications for 

pedagogy, curricula and assessment are to emphasise and prioritise spatial reasoning and embed 

spatially-oriented programs within practice. More conceptually-advanced and explicit 

descriptors of spatial/mathematical interrelationships would be needed to support pedagogy. 

Based on the extant literature and our prior and current findings, we purport that both a reliable 

measure, and micro-genetic analysis of SMC in longitudinal studies, and at scale, may establish 

a more coherent, and complementary, interdisciplinary view of SMC.  

*This research was supported by an Australian Research Council Discovery Award (DP170101588) Connecting 

Mathematics Learning through Spatial Reasoning. Ethics approval was granted by Macquarie University; school 

systems, and principals, teachers, caregivers and students gave informed consent. 
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