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INITIALCONSIDERA TIONS CONCERNING THE UNDERSTANDING OF PROBABILISTIC AND 
. STATISTICAL CONCEPTS IN AUSTRALIAN STUDENTS 

JANE M. WATSON AND KEVIN F. COLLIS 
. University of Tasmania 

Following the questions raised by Watson (/992) concerning research in probability and statistics education 
in Australia in the 1990s. this paper reports on the initial triallingofitems with 64 Grade 9 students. The 
analysis supports the belie/that misconceptions observed in other countries also are present in Australia. 
Further. the application ofa developmental cognitive model offers promise for classifying responses to· items 
and structuring remediation procedures. 

The rationale for a growing interest in research in probability and statistics education is given in Watson (1992). 
Briefly. topics associated with chance and data constitute 20 percent of the content of A National Statement on 
Mathematics for Australian Schools (Australian Education Council, 1991). As the newest areas in the 
mathematics curriculum, chance and data are least likely to be well understood by teachers at all levels. They are 
also the areas about which the least is known of students' understandings and misconceptions. As state curricula 
are amended to take. account of the National Statement and professional development is planned to assist teachers, 
it is important to provide as much support as possible based on analyses of students' and teachers' understanding of 
these topics~ , 

Watson(l992) also briefly reviews the history of overseas research into probabilistic and statistical 
understandings and ·offers some starting points for Australian research. These inclu<;)e studies of student beliefs 
about probability (e.g., Fischbein, Nello, & Marino, 1991; Garfield &deIMas, 1991),conceptions of randomness 
(e.g., Konold. Lohmeier,Pollatsek,· Well, Falk, & Lipson, 1991), sampling in relation to sample size and 
representativeness (e.g., Gal, RothchiId, & Wagner,1989), the relationship between two variables (e.g., Konold, 
1991), the applicability of measures of central tendency (e.g., Gal, Rothchild, &Wagner, 1990), and the 
understanding of conditional probability (e.g., Pollatsek, Well, Konold, & Hardmim, 1987). 

A theoretical basis for the analysis of student understanding could come from vari()us sources. A 
developmental model, such as that suggested and extended by Biggs and ColJis (1982, 1989, 1991) has proved 
useful in other areas of mathematics (e.g., volume measurement (Campbell,Watson, & Collis, in press) and 
fractions (Watson, Campbell, & Collis, in press» and parallels the model suggestedby Shaughnessy (1992). Two 
aspects of the Biggs and Collis SOLO (Structure of Observed Learning Outcome) Taxonomy will be exempl ified 
in the analyse~ presented in this discussion. First is the unistructural-muItistructural- relational (UMR) cyclic 
structure which operates within the modes of functioning. Of particular interest here are the concrete symbolic 
mode where most school learning occurs and the ikonic mode which commences functioning earlier and is. 
associated with feelings, intuitions and imaging. Second is the multimodal aspect of functioning whieh recognises 
various ways in whieh interactions take place between modes, in particular the ikonic and concrete symbolic, as 
both continue to develop throughout childhood and adolescence. , ' 

The remainder of the discussion will focus on the initial sampling of Student responses to explore conceptions 
suspected to be of interest and on the usefulness of the SOLO model in amllysing results. 

ITEMS 
Items were selected and adapted from those reported byFischbeinand Gazit (1984)on intuitive probability (sIx 
items), Fischbein et aI., (1991) on outcomes and sample spaces (three items), Reading~and Pegg (1992) on sample' 
selection (two items), and Garfield and deIMas(1991) onconceptions of probability (three items). Following the. 
interest of Mokros and Russell (1992), an item asked for an explanation of the term 'average'. Finally a problem 
solving situation was devised to explore student understanding of criteria which could be used to compare !wo 
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data sets. Although administered differently the final section was based on ideas suggested by Wagner and Gal 
(1991) and Garfield (1992). The 12 items to be summarized in. this paper are presented in full in Watson (1993); 
three are shown in Figure 1. ' 

THE SAMPLE 
Because the purposes of this preliminary study were to assess the items chosen, to explore possible 
misconceptions, to assess the potential bf the theoretical developmental model, and to suggest strategies for a 
larger scale study, convenience samples were used. They consisted of two Grade 9 mathematics classes from 
Hobart, Tasmania, suburbs, totalling 64 students. They were 13 or 14 years of age and the sample was evenly 
split between females and males; gender differences are not explored here. Students completed the written 
questionnaire during class time. One of the classes had earlier in the year studied a unit of probability while the 
other had studied one on statistics. Although these would not have lasted more than a few weeks, it was expected 
that the sample would present some good responses to the items. 

MISCONCEPTIONS 
The 12 items used for this analysis led to an examination of the seven misconceptions listed in Table I. The 
number of items associated with each are noted and the percentage of students exhibiting the misconception for 
the items is given. The percentages are estimates based on the number of responses to each' item, ranging from 64 
to 32. 

Item A Two maths classes, one from your school and one from the nearby high school, have had a 
competition to see which is better at quick recall of maths facts. The scores of the two classes are shown on 
the two line plots below. 
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How would you analyse these data to show which school is better and which school would probably be your 
school? 
&m.l! Consider rolling two dice. Is it more likely to obtain 

(a) a 5 with one die and a 6 with the other?, or 
(b) 6 with both dice?, or 
(c) is the probability the same in both cases? 
~ Again consider rolling two dice. Which is more probable? 

(a) To obtain the samellUmber with both dice., or 
(b) To obtain different numbers on the dice., or 
(c) is the probability of each event the same? 

Figure 1 Three items used in preliminary study 
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Hence non responses are ignored and this means the percentages are lowcrbound estimates for· this sample .. The 
percentages in Table·1 are also lower bounds in the sense that \notall other answers gave correct,biwell-
expressed, responses - they just did not show the misconception indicated in the right hand column. .. 

No students believed in lucky numbers and very few agreed with superstitions associated with putting a certain 
foot into a rooin first or with winning a chance game due to being older. Approximately a. quarter of students 
d) splayed no understanding of average and a similar fraction used the total of scores to compare two groups 
despite differing sample sizes. Between 20% and 50% of students had difficulty using proportion to make 
judgements in relation to samples andpopulations. Nearly half had difficulty with the concept of randomness in 
relation to· lottery numbers and/or sequences of binomial trials. Finally up to 85% of students had problems with 
the. sample space when two dice are tossed. . 

Construct 

Luck (lucky numbers) 
Superstition (right foot,age) . 
Average (no basic understanding) 
Compare different sized groups (using total) 
Proportion (samples and populations) 
Ranpomness (lottery, births) 
Sample spaces (dice) 

Number 
of Items 
I 
2 
I 
l(A) 
3, 
3 
2(B,C) 

Table 1. Percentages displaying basic misconceptions in Grade 9. 

Percentage difficulty for item 

0% 
5%,2% 
24% 
28% 
26%, 20%, 56% 
46%,47% 
83%,35% 

ANALYSIS AND DISCUSSION WITH COGNITIVE MODEL 
There are two ways that the SOLO framework can be used initially in a study such as this. . First the items 
themselves can be classified by the level of response required to obtain a correct answer. Second responses can be 
categorised by the level actually exhibited by the student. 

Consider first the constructs listed in Table I. The first two, labelled Luck and Superstition, relate to intuitions 
which are associated with the ikonic mode of functioning. As the mode which begins functioning earlier, it would 
be expected that by Grade 9, students functioning well in the concrete symbolic mode would be expected to have 
rejected these intuitive level concepts as adequate responses. This would appear to have been the ca<;e for this 
sample of students. The other five constructs listed in Table I are related directly to operations of the concrete 
symbolic mode as they rely mainly on school-based instruction. They are listed in order of increasing difficulty as 
judged by the percentages showing the misconceptions. This seems tobe a good starting point for suggesting a 
hierarchy of difficulty, as well as for indicating the functioning level required for a correct concept to be. 
displayed. It is too early, however, to put much weight on such an ordering, particularly in the light of differing 
formats for the items. 

When moving to the responses themselves, it is possible that ikonic and ,concrete symbolic functioning wiU be 
demonstrated on the same item, regardless of what is hypothesized to be required for a 'correct' response. In 
looking at the responses reported, from a cognitive perspective, tWo aspects are significant. One is the 
developmental structure of the response and the other is evidence of multi modal functioning. In the latter case, in 
this study, this means the interaction between intuitive/ikonic and concrete symbolic functioning. 

For the purposes of this study the following SOLO notation is used to classify different levels of response for 
each item within the concrete symbolic mode: 

U - uses onepiece of relevant information to respond; 
M - uses more than one piece of relevant information: these pieces of information tobe ofa similartype; 
R- relates more than' one piece of relevant information, of different types, in a coherent fashion. 
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InprevioQ/>rese;;trch 0l:)9nqerstal1ding ofyol!1memeasprement(CampbeH, et al.,inpress)and fractions (Watson. 
et ,al., in press), it w~s found that two UMR. cycles· operated in problems invqlving these constructs .. ·Tne .. first 
cycle, labelled tJI-M: 1-~ 1, le(HothecorrectQQcj~rstan<Jing of the concept, while a second, labeUed U2-M2"R2, 
resulted when the cooceptswereapplied in problem solving. contexts o(varying difficulty. . . .. 

An application of thismQdelissh.own. beJow in relation. totbe item concerning 'average'. 
Response: .. 'Nonnal' 
This is classifiecj as unjs~ryctural, UI, as it shows a lack of Qonsideratio!1for the ma.thematical aspects of the 
consttuct.:while.selecting a <;le.scdptivecomI1)onsenseasPect. 
Response~ . '1tv.(!ragem~anstke.mi4dlel)u.mber' 
TI1~sappears nw1tistructu,ral.Mhin tb.l.I,t, in the conte~t of theJl.rithmetic 'mean" it implicitly considers a set of 
.numbers· an(jinl.l,k~· a J\J.d~ertlent about a single . nQmber describing it, (Note the respondent'. was not. aware of the 
J1lecjian concept.) '. . ...... ........ . 

. ' Response: 'Average iSl4'hen youaltd UP",yolfr total digits and thendivide it by the number 0/ 
digits you have,' cUlcJ . . '. . 
'Each timf! you did spmething and it had answers that ~ere~Uttle bit apart you could 

. find the averagewitch [sic.]wouJd get it downtoon:eiiumber' 
Thes~ woul<1appe~rtoexhibitflrelationa~,Rb unQerst~l.Oding of tile aritpm:eticmean as average, .. 

. . MovingJo ii*~Jll..Ait} fig;lll"e 1, the question arises as to tile appli~ation oftllis average concept to a given 
probl~m.BecauSe a comparison mllst be made, i.twould be expe.cted that a r~latiQnal, R2, response is reqlJ.ired. 
The following responseq9ilifie.s as an R2 fortl1iSConcept: ... ' . 

If I were to show which s.choolw(l$ better I wouldfll)d aut the ave.rages. o/both $chools., 
-The higher thl!a~erag(! 4etermines whiclqc4001 is better. ... .. 

The nature of the qUestion preclUded U2' & Mt respOns,es in this item which indicates that we will neecjto 
redevelop the item to get the fQIl range of responses. A U2 .r~sppnse\\'ollld b~ expecte<1 to be similar lOan RI' 
re~ponsein (bat ~~·stu<1egr would be .ab\e toc~lc.Ql~e the .'avera~~' . (aritQffietic. mean) when' asked to d() 'sowith 
cjata in .asui~Qly obviousf()rm~ A.n M2 response wQ»ldinvolve. say, theqalcllhltion of several means from given 
ciata 'and .theo.!;I. sep.at"ate illdgement being made forexampl€1 on tbelar~est·.or smallest. The R2 example. given 
requires .. the· stlJdent to make the decision that the arithtnetic mean is. the appropriateconstrul:;t. tQlJs.e,. caJclJl·ate 
them for each. group aOQ then, comparetowacha.conclusion; in other words it r~quires an overview of the 
problem which ~s not required at U2.or M2 response Jevels. . . 

Anotller example of fij~ctjoning i.nthesec;ond UMR cycle is foundiIdtemll .~. {tod C in Fig;ure I. As was 
. f()\l.ndon ane~rlier item ~o,t dis~~ss.edhere, slu4ents ~d 1.1, good grl;\sp of tbe sample space assQCiateQ\iVith a single 
/ Qie~ndcolllddistinglii$h impossibl~, possible. and certain events .. Th;s is representative ofRl. thinking in relation 
to the-concept of sample sp~c~ in this COll~ext. HemsBand e, how~ver,. re.QQjre a~ R2 ·levelQf functioning inthe 
c9ncr~tesymbolicnlode as they involve~n underst(\J)<:Ung of t!)e sample sR,(lce in relatjon to throwing ~Iice 
extencJed to the mOre compleJ(. sitlJl,ltiOllswhere two dice are i.nvolveO. The lJ2 level of response,. represented by 
the following: . '.. . '.' ... ~ .. ' 

. 'Yof,lhave 1 i~ 6chqrJ,ces (If getting alive and it is the.$ame with a $ix;s'a they are the same'· 
~. '. 

'becau~e tll,ereisa ~O/50 chance of either'. 
Tb,ese showl;\n RI conceptandjustifythesame probability for throwinga5 and a 6, as two 6's, despite usihg two 
dice. AnearlyR2response, ... . . 
. 'Because you call pet a 5 or 6 ()1leitherdice,' .... .. . . .. ........ .. . 
justifies the high~rprobability for a.5 ancj.a 6. by applying the conc.ept over theeJ(.tended sample space ofthe pairs 
of numbers involved. , . .... . . 

ForitentC, wher~ morecorr~ctanswers were obtmned, the Justifications fQf .'the same' probability were still at 
. the U2Ievel.:.. . .... 

'Because rolling dice is 1'411dom. Al)y no could come up.' 
\ . ., . 
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. This is because the dice is fair and any sequence should be just as likely as any other. ' 
The following was judged M2 because, although it has the right idea, it does not tie the concepts together in a 
coherent fashion: 

'Because the dice has many different numbers but only one of each.' 
The following response to the item seems to have related the concepts together satisfactorily to achieve the correct 
answer at the the R2level: 

'Because there are more pairs of different numbers than there are pairs of the same number. So the chance of 
getting a double is smaller. ' 
As mentioned earlier, ikonic functioning mayor may not take place in conjunction with concrete symbolic 

functioning. In the examples presented here the ikonic responses generally relate to beliefs and intuition, not to 
imaging. These responses are most commonly found in explanations' where the students appear unable to reason 

. effectively in the concrete symbolic mode. Hencefor item B, 
'Nobody knows what will come up on the dice - its [sic.] just fate' 
and 
'It occurs by chance only' 

would be considered'ikonic (IK) responses as would, 
'It is all to do with luck', . 

in item C. 
A response such as, 
'I think it isa chance thing (lnd you would have bette'r odds getting random numbers', 

on an item aboutastraightsequenceof numbers in a lottery, shows lack of appreciation of chance in the context 
but has some idea of what odds means. It appears to be an IK-M] response, ~truggling with the transition from 
intuition to an understanding of the association of randomness and chance. Sometimes, however, there seems. to 
be an interaction of intuitive (IK) and concrete symbolic reasoning at a higher level. The foliowing discussion, 
for example, associated with the belief that entering a room with one's right foot first will enable a good 
performance, shows an appreciation of superstitions but the student makes the decision on the basis of concrete 
symbolic reasoning. 

I don't agree with this [as it is not logical]. But (f Joseph believes that putting his right foot forward [helps] 
then that [is] what he should [do] because itis something which he believes in ... ' 

The response appears to shoW a high level of ikonic interaction with concrete symbolic reasoning and could be 
categorised as IK-U2 in this context'., 

Although it has been possible to explore responses from those collected in the initial sampling of students 
which seem to exemplify the UMR cycle and multi modal functioning, it is clear that a great deal more work needs 
to go into item development to ensure that the items are flexible enough to allow for a full range of responses both 
within and between modes of functioning. It may be useful to devise items similar to those designed for the. 
CoIlis-Romberg (1992) Problem Solving Profiles; such items would have the additional advantage that they can 
be used later to identify achievement levels to assist teachers in planning instruction and remediation. 
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